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1 Introduction
Minimal string theory is a self-consistent solvable model, which represents a valuable source
of insight for investigating string dynamics. It is based on (q, p) minimal CFT models, ap-
propriately coupled to 2D Liouville gravity. There are two approaches to minimal strings, or
equivalently to minimal Liouville gravity (MLG): the direct approach, based on the world-
sheet treatment [1] and the dual approach, originating from the matrix models, and leading
ultimately to the Douglas string equation formalism [2].
During last few years there has been a new progress in the dual approach, which arose
due to the connection [3] between the Douglas string equation formalism and the structure of
a certain class of Frobenius manifolds (FM). 1 The new development [3, 5–8] allowed to relate
the generating function of MLG correlation numbers (or minimal string scattering amplitudes)
in the spherical topology2 with the dispersionless tau-function of the corresponding hierarchy,
for which a simple closed representation has been found, using the underlying FM structure. It
turns out that a crucial role in this construction plays a so-called resonance transformation [13,
1The role of Frobenius manifolds has been initially established [4] in the context of topological field theories.
2For some further progress in MLG on a sphere, see [9–12].
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14] from KdV times to Liouville coupling constants, which was found explicitly in the general
(q, p) case in [6] up to a certain order.
In this paper we continue our study [15] (see also [16–18], focused on (2, 2k + 1) Lee-
Yang series) of the boundary version of minimal Liouville gravity (BMLG). In the worldsheet
approach, constructing correlation numbers, apart from the moduli integration problems [19],
needs a set of new ingredients [20–25], connected with the boundary, and represents quite
a non-trivial problem. The development of the dual approach to BMLG hence represents a
natural task (see [13, 26–33] and references therein, for some relevant results within the KdV
frame). In the case of Lee-Yang series, the boundary version of the dual partition function [13]
can be rather easily translated [34] to the Liouville frame, taking into account the resonance
transformation. From the Frobenius manifolds perspective, the reason for this simplification
is that the FM, related to Lee-Yang series, is trivial, i.e., one-dimensional, and the way to
define a matrix model, corresponding to (2, 2k+1) BMLG model, is unique. In general (q, p)
case [3, 6], multi-dimensional Frobenius manifolds arise and higher Gelfand-Dickey hierarchies
appear, which makes the correspondence less straightforward.
In this work we study the bulk correlations on a disk. The goal is to clarify how to
combine the open topology treatment (e.g. macroscopic loops [13]) with the formalism,
based on the Frobenius manifold structure. Important ingredients of topological gravity are
Virasoro constraints [35], which are equivalent to the KdV equations [2] in (2, 2p + 1) series,
complemented by the string equation. For the boundary partition function one can write
so-called open Virasoro constraints [36] which generalize classical ones and fix the partition
function. We describe the consequences of these constraints for the minimal Liouville gravity.
In the general (q, p) case, the Virasoro constraints are particular case of W-constraints,
which can be realized using bosonization in terms of a set of twisted free boson fields. This
allows to define an open string partition function as a vertex exponential operator, constructed
form the bosons, and gives simple expression for the generating function on a disk, clarifying
the connection with the open W-constraints. We check the expression for one-point bulk
correlators, and reproduce the results of the worldsheet treatment for FZZT brane [24, 37].
The matching of the results confirms the universality of the resonance transformation and its
explicit form found on a sphere in [8]. We also compare this approach to the formula for bulk
one point functions on a disk used in [15]. It turns out that the formulain [15] is a particular
case of the macroscopic loop described in the present paper. Moreover, the equality of two
formulas is a version of mirror symmetry formula for q−spin intersection numbers and Aq−1
Landau-Ginzburg models.
The paper is organized as follows. In Section 2 we briefly remind the definition of MLG,
describe the physical fields, and introduce the boundary one point correlation numbers. In
Section 3 we consider one matrix model and minimal gravity of type (2, 2k+1). In Section 4
we consider the general (q, p) case. In Section 5 we articulate the new points, with respect
to our previous consideration [15], which at that time was essentially limited by the unitary
series (q, q + 1). In Section 6 we conclude, discussing some open questions. Some technical
details are collected in Appendix A.
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2 Minimal Liouville Gravity
In this section we briefly recall the worldsheet formulation of (bosonic) MLG (for more details,
see, e.g., [38]), in order to introduce the bulk correlators, that we are interested in this paper.
2.1 Worldsheet formulation
MLG definition. Minimal Liouville gravity is non-critical string theory model [1, 39],
obtained by combining bosonic (q, p) minimal model [40] (with p > q ≥ 2 being relatively
prime integers), with ghosts and Liouville field theory [41], described by scalar boson field
φ(z), arising due to the conformal anomaly effect. The MLG partition function splits into
three parts
ZMLG = ZMM · ZLiouville · Zgh , (2.1)
where all three sectors obey conformal symmetry and the zero total central charge condition,
cMM + cLiouville − 26 = 0, which follows from the Weyl invariance of the string action and
ensures BRST invariance of MLG theory. This condition constraints the Liouville coupling
constant to be b =
√
q/p.
In this paper we are interested in the physical operators, or BRST cohomologies Om,n,
constructed by dressing the minimal model primaries Φm,n(z) (where 1 ≤ m ≤ q − 1 and
1 ≤ n ≤ p− 1, modulo Kac symmetry, implemented below by restricting pm− qn > 0) with
the Liouville non-degenerate primary exponential fields Va(z) ≡: e2aφ(z) :
Om,n =
∫
d2zΦm,n(z)Vam,−n (z) , (2.2)
where am,−n is the solution of the dimensional constraint ∆MMm,n + ∆Liouville(a) = 1, in the
standard Liouville parametrization [41]. We note that apart from these tachyon physical
operators (2.2), there exist an important class of ground ring operators, constructed from
degenerate Liouville primaries, which is relevant in particular for constructing multi-point
tachyon correlation numbers in the worldsheet approach [42, 43], and which will not be
considered in this paper.
Generating function. One can pack multi-point bulk correlators 〈Om1,n1 ...OmN ,nN 〉g in
a generating function Zg(λ), where g is a genus and λ = {λm,n} is a set of (MLG) Liouville
coupling constants, 3
Zg(λ) = 〈exp
(∑
λm,nOm,n
)
〉g . (2.3)
Our discussion here is limited to a sphere, g = 0, or a disk worldsheet topology, relevant for
the planar limit, so that in what follows we omit the subscript g, meaning either spherical
or disk topology. The coupling λ1,−1 = µ is the Liouville bulk cosmological constant, which
corresponds to the operator e2bφ(x), measuring the area of the worldsheet Riemann surface.
The generating function (2.3) has simple scaling properties, being quasi-homogeneous func-
tion of the cosmological constant µ, which allows to assign [39] the gravitational dimensions
3We do not discuss here subtleties of the gauge fixing and defining spherical 1- and 2-point functions.
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δm,n to the physical fields Om,n, and to Z(λ). This quasi-homogeneity property together
with the conformal selection rules for admissible correlation functions are important con-
straints for constructing the dual representation of the generating function via the resonance
transformation [6], which will be described in Section 4.
2.2 Bulk correlators on a disk
In the open case one needs to appropriately define the boundary conditions both in the matter
minimal model and in the Liouville sector. The former are conformally invariant Cardy states,
labeled by two integers (r, s) ∈ Kac(q, p), that is 1 ≤ r ≤ q, 1 ≤ s ≤ p with identification
tr,s ∼ tq−r,p−s, and the later can be either FZZT brane [24, 37] or ZZ brane [44]. We will focus
here on the FZZT brane, which is specified by the value of the boundary Liouville cosmolgical
constant µB. We recall that the boundary Liouville interaction has the form µB
∫
∂Γ e
bφ(x)dξ,
where ∂Γ is the boundary of the disk and the integral can be interpreted as the length l of
the boundary, so that the Laplace transform of the boundary partition function with respect
to µB gives the dependence on the boundary length l.
Denoting by |Br,s(µB)〉 the open minimal string boundary states, which is obtained by
tensoring together the Cardi matter states and the Liouville FZZT sates, we write the gener-
ating function of the bulk multi-point correlators on a disk
〈Om1,n1 ...OmN ,nN |Br,s(µB)〉 ≡ 〈Om1,n1 ...OmN ,nN 〉D (2.4)
as
ZD(λ, µB) = 〈exp
(∑
λm,nOm,n
)
|Br,s(µB)〉 ≡ 〈exp
(∑
λm,nOm,n
)
〉D . (2.5)
Our goal is to study this generating function from the perspective of the dual approach. Note
that in the boundary case the correlators depend on the scale invariant ratio µ/µ2B , so that
〈Om1,n1 ...OmN ,nN |Br,s(µB)〉 ∼ µ(Q−2
∑
i δmi,ni )/2bF
(
µ2B
µ
)
, (2.6)
where Q = b + 1/b. Since the Cardy states with (k, l) = (1, 1) form a basis in the space of
FZZT branes (see [38]), we will focus on µB (or l) dependence of the correlators.
One of the simplest amplitude to compute in such a theory is a bulk insertion one-point
function on a disk. Formula for such an amplitude was computed in [24] with the result (as
a function of boundary length instead of µB):
〈Om,n〉D ≃ κνm,nKνm,n(κl) (2.7)
and κ2 = µ/ sin(pib2). We do not specify the constants, because in this paper we compute
just the functional dependence on µ and l.
In the rest of the paper we will focus on matrix models/integrable systems approach and
comparison with the Liouville approach. Namely, we will show how the FZZ formula (2.7)
appears from another formulation of the loops in (q,p) model and thus, how the integrable
systems equation enter the MLG picture.
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3 Virasoro constraints and (2,2k+1) minimal gravity
In this section, we recall the matrix model approach to the Lee-Yang series of MLG, we
describe the Virasoro constraints in the closed and then in the boundary case. We follow
mostly the recent review of the subject in [45].
Two basic observables in the matrix models are the trace operators TrMn and the resol-
vent Tr(x−M)−1, the goal of this section is to show that a modified version of the resolvent
can be interpreted as a chiral free boson field φ(x), defined in terms of creation and anni-
hilation operators acting on the space of functions of the matrix model parameters. The
free boson φ(x) naturally obeys the (half-)Virasoro symmetry with the central charge c = 1.
This fact leads to the Virasoro constraints in the closed topology case and gives a clear CFT
interpretation of the boundary insertion as an insertion of a primary vertex constructed from
the boson. One of the conceptual points here is that while for finite size matrix M we are
dealing with the standard chiral boson, defined on the x-plane, in the double scaling limit
relevant for MLG we are lead to consider a boson on a hyper-elliptic spectral curve, which is
double cover of the x-plane. This consideration will be used further in order to consider the
general (q, p) case, where instead of one boson q − 1 twisted bosons arise.
3.1 One-matrix model and Virasoro constraints
The perturbative expansion of matrix models (MM) in terms of ribbon Feynman diagrams
gives an interpretation of MM as a discrete version of 2D quantum gravity [2, 46, 47].
The (2, 2p + 1) MLG model is described by the double scaling limit N →∞ around the
(p + 1)th critical point of a one-matrix model, which consists of a random N ×N hermitian
matrix M , with the partition function
Z(t) =
1
vol(U(N))
∫
N×N
dM · e− 1gTrW (M) =
∫
RN
dNλ∆(λ)2e−
1
g
∑N
j=1W (λj) , (3.1)
where t = {tn}, the potential W (M) =
∑
n tnM
n, and g is the string coupling constant. The
model obeys U(N) gauge invariance, M → UMU−1, and the RHS expression in (3.1) is the
result of taking this symmetry into account, with λ being the vector of eigenvalues of M , and
∆(λ) being the Vandermonde determinant. The correlators are given by the derivatives of
logZ(t) with respect to the coupling parameters tn.
For any N the matrix model enjoys (half-)Virasoro symmetry. In order to derive the
Virasoro constraints, we define
J(x) =W ′(x)/2 − gTr 1
x−M , (3.2)
where the second term is the matrix resolvent Tr(x−M)−1 =∑k(x− λk)−1. Then, one can
check that
〈J(x)2〉 = 〈W ′(x)2/4−
∑
k
W ′(x)−W ′(λk)
x− λk 〉 , (3.3)
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where the angle brackets denote averaging with the measure defined in (3.1), and the expres-
sion on the right hand side is easily seen to be regular at x = 0.
Inside the matrix integral, J(x) can be written as a differential operator,
J(x) =
∑
n>0
ntnx
n−1/2− g
∑
n≥0
∂
∂tn
x−n−1 , (3.4)
which up to normalization is the current of the chiral free boson φ(x),
J(x) =
g√
2
∂φ(x) . (3.5)
Hence, one can consider an energy momentum tensor of this boson, T (x) =: ∂φ(x)2 :, where
dots stand the normal ordering, and the equation (3.3) takes the form
〈T (x)〉 = reg , or T (x)Z(t) = 0 , x→ 0 , (3.6)
where in the second equality we consider T (x) as a differential operator acting on functions
of t. If we expand T (x) =
∑
n Lnx
−n−2, then the latter equation can be written in terms of
Virasoro constraints:
LnZ(t) = 0, n ≥ −1 , (3.7)
where Ln are found from the definition of T (x):
L−1 =
∑
k≥1
ktk
∂
∂tk−1
,
Ln =
∑
k
ktk
∂
∂tk+n
+ g2
∑
i+j=n
∂2
∂ti∂tj
, n ≥ 0
(3.8)
and by construction satisfy Virasoro algebra with c = 1.
In the double scaling limit the Virasoro structure also persists with the deference that
the boson becomes twisted, that is it acquires half-integer modes in the expansion
1
2
g∂φ(x) = x1/2 −
∑
n≥0
(n+ 1/2)tnx
n−1/2 − 1
4
g2
∑
n≥0
∂
∂tn
x−n−3/2 . (3.9)
Here now tn stand for new (re-scaled) KdV couplings, which are some functions of the “bare”
couplings of the underlying matrix model (3.1). The derivatives ∂/∂tk are interpreted as
insertions of operators Ok in the correlation function. In order to motivate this change we
note that in the semiclassical limit the eq. (3.3) becomes
y2 = P (x) , (3.10)
where y := limN→∞〈J(x)〉, and P (x) is a polynomial, which arises from the RHS of (3.3).
This can be interpreted as an equation for a so-called spectral curve. The boson φ(x) is then
defined on this curve rather then on the x-plane (for more details, see e.g. [45]).
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In the double scaling limit the Virasoro constraints, which arise for the twisted free
boson (3.9), become:
L−1 = − ∂
∂t0
+
∑
k≥1
(k + 1/2)tk
∂
∂tk−1
+
1
2g2
t20 ,
L0 = − ∂
∂t1
+
∑
k≥0
(k + 1/2)tk
∂
∂tk
+
1
16
,
Ln = − ∂
∂tn+1
+
∑
k≥0
(k + 1/2)tk
∂
∂tk+n
+
1
8
g2
∑
i+j=n−1
∂2
∂ti∂tj
, n > 0 .
(3.11)
Finally we note, that any function of KdV parameters, which is annihilated by all these
operators, is uniquely defined and represents in fact a (square root of a) tau-function of a
KdV hierarchy [48].
3.2 Open Liouvulle problem
It is well-known that the correlations on a surfaces with boundaries can be considered by
adding loops to the Feynman diagram expansion of the matrix integral (3.1). One way to
add loops is using additional vector degrees of freedom, contributing to the matrix integral
as ∫
dΨdΨ¯ · e−zΨ¯Ψ+Ψ¯T ·M ·Ψ . (3.12)
The only modification of the partition function, after integrating out these variables, is the
insertion of an additional determinant in the closed matrix integral
Zopen(t) =
1
vol(U(N))
∫
dM det(z −M)Nbe− 1gTrW (M) , (3.13)
where we denoted by Nb the number-of-boundaries counting parameter. Looking at the new
element det(z−M)Nb from the free boson perspective, it is not difficult to see, that the boson
φ(x) can be defined now according to (3.5), and
J(x) =
∑
n>0
ntnx
n−1/2 − g2
∑
n≥0
∂nx
−n−1 +
gNb
2(z − x) , (3.14)
which obeys the Virasoro symmetry, with the stress tensor T (x) = J(x)2/g2. It is convenient
to introduce an extra factor e−NbW (z)/(2g) in the matrix integral, which is trivial because it
does not depend on the matrix variables,
Z(t, z) :=
1
vol(U(N))
∫
dM det(z −M)Nb e−
Nb
2g
W (z)
e
− 1
g
TrW (M)
. (3.15)
In this setting J(x) as a differential operator is given by the same formula (3.4) as in the
closed string case due to the factor e−NbW (z)/(2g).
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The new point is that the refined boundary partition function (3.15) is equivalent to
〈det(z −M)Nbe−NbW (z)/2g〉 = 〈V (z)〉 , (3.16)
where V (z) =: e−Nbφ(z)/
√
2 : is the primary vertex operator, constructed form the new boson.
Repeating computation of the closed case we get:
〈T (x) · V (z)〉 = N
2
b
4(x− z)2V (z) +
1
x− z ∂zV (z) + P (x) , (3.17)
where P (x) is regular at x = 0. We can now expand all the quantities in series in powers of
x and consider the terms at negative powers:
(Lcn + L
o
n)〈V (z)〉 = 0, n ≥ −1 . (3.18)
Here Lcn come from the expansion of T (x) and are the same as in the closed case (3.11) and
Lon come from the right hand side of (3.17):
Lon = −zn+1
∂
∂z
− N
2
b
4
(n+ 1)zn . (3.19)
Now we construct the loop operator, which corresponds to a surface with one boundary
component. To this end we take the first coefficient in the series expansion in Nb,
w(z) =
∂
∂Nb
〈det(z −M)Nbe−
Nb
2g
W (z)〉|Nb=0 =
=〈
(
− 1
2g
W (z) + Tr
1
z −M
)
e
−Nb
2g
W (z)〉 ∼ 〈φ(z)〉 .
(3.20)
In order to compare with the result of the direct minimal Liouville gravity approach we
introduce the Laplace transform of w(z), according to w(l) = l−1
∫
0 dz e
−lz w(z). The singular
part of this operator is given by (3.14), and the loop (3.20) takes the form of the following
differential operator
w(l) =
∞∑
k=0
lk+1/2
Γ(k + 1/2 + 1)
Ok . (3.21)
4 W-constraints and loop operator in general (q,p)-case
With the insight from the one-matrix model now we consider the general situation. Our goal
will be to explicitly construct the generalization of the open generating function with the loop
operator (3.21) and to check it against the results of the worldsheet approach.
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4.1 From twisted bosons to loop operator
General (q, p) models have several matrix model descriptions, some of which like conventional
multi-matrix model are appropriate for orthogonal polynomials method and for the double
scaling limit consideration. It turns out, however, that the W-symmetry which is present in
the general (q, p) case is not manifest in this setup. What we use here is the integrable systems
approach, which can be also obtained from the conformal matrix models approach [49]. In
this setting various quantities of the theory are expressed by analogy with the one-matrix
case. The results of this approach can be briefly formulated as follows (see, e.g., [50]).
We consider q twisted bosons φl(x), with l = 1, ..., q:
∂φl(x) =
∞∑
k=−∞
αk+l/qx
−(k+l/q+1) , (4.1)
where the modes
αk+l/q = g
∂
∂tl,k
and α−k−l/q =
1
g
(k + l/q)tl,k . (4.2)
The energy-momentum tensor is
T (x) =
q−1∑
r=1
:
1
2
∂φr∂φq−r : +
q2 − 1
24qz2
=
∞∑
n=−∞
Lnx
n−2. (4.3)
The system obeys an extended Wq−1 symmetry, and the other W-currents, W (n)(z), may be
constructed explicitly using the standard bosonization methods. The closed string partition
function Z(t) of the q-th model is uniquely defined by the condition that it is annihilated by
all the W (n)-currents [51]. More precisely,
W
(n)
k Z(t) = 0 , n ≥ 2 , k ≥ 1− n , (4.4)
where W
(2)
k is Lk and the correlators are given as usual as
〈Oα1,k1 · . . . · Oαn,kn〉 :=
∂
∂tα1,k1
. . .
∂
∂tαn,kn
logZ(t) . (4.5)
For later purposes, we write explicitly the string and the dilation equations, L−1Z(t) = 0
and L0Z(t) = 0, with the generators:
L−1 =
∑
α,k
(α/q + k)tα,k
∂
∂tα,k−1
+
1
2g2
∑
β
β(q − β)/q2tβ,0tq−β,0 ,
L0 =
∑
α,k
(α/q + k)tα,k
∂
∂tα,k
+
q2 − 1
24q
.
(4.6)
Another equivalent description of the system is based on the statement that its partition
function is the (q-th root of the) tau-function of the q-th Gelfand-Dickey hierarchy, which
satisfies the string equation, i.e., the L−1 Virasoro constraint.
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Similarly to the KdV case, the boundary partition functions are obtained as the expo-
nential vertex operators constructed from the bosons φl(x),
Zopen(t, z) = 〈exp(Γ
q−1∑
α=1
φα(z))〉 , (4.7)
where Γ is a boundary component number counting parameter.
The open correlation numbers are then given by
〈Oα1,k1 · . . . · Oαn,kn〉open :=
∂
∂tα1,k1
. . .
∂
∂tαn,kn
log(Zopen(t, z)/Z(t)) . (4.8)
From this expression one gets [50] the open W-constraints as the Ward identities for the
vertex operator
Lfulln = Ln −
Γ2
2
(n+ 1)zn − zn+1 ∂
∂z
. (4.9)
Let us take a formal Laplace transform of this operator in the variable z:
Lˆfulln = Ln −
Γ2
2
(n+ 1)
∂n
∂sn
− s ∂
n+1
∂sn+1
. (4.10)
Having in mind the interpretation of Zopen and Z as disconnected surfaces partition functions,
or tau-functions, let us now represent
Zopen(t, s) = exp(Fc + Fo), Fc = log(Z(t)) . (4.11)
Using the ordinary string equations (4.6) for Z(t), the open string equation and the dilation
equations for Fo correspondingly read:
∑
α,k
(α/q + k)tα,k
∂
∂tα,k−1
F o = s ,
∑
α,k
(α/q + k)tα,k
∂
∂tα,k
F o = Γ2/2 + s
∂
∂s
F o .
(4.12)
After some renormalization these equations coincide with the equations obtained recently
in [52] for the generating function F 1/q,o of the open correlation numbers in the topological
gravity of q-spin curves.4
Loop operator. The analogue of the formula for the loop operator is easily obtained from
the bosonic representation [50] together with the Laplace transform:
wr(l) =
∞∑
k=0
lk+r/q
Γ(k + r/q + 1)
Or,k ,
wr(l) ∼
∫
l
dl
l
e−lz〈φr(z)〉 .
(4.13)
4We note that in the same paper the authors give an expression for F 1/q,o in terms of the wave function of
the KP hierarchy.
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The loop insertion is the one-boundary part of the open partition function (4.7). In this
case there are in general q − 1 linearly independent loop operators. They can be interpreted
as corresponding to different boundary conditions. However, the precise identification with
the FZZT branes is yet to be clarified. The general loop operator can be written as
w(l) :=
q−1∑
α=1
cαwα(l) . (4.14)
Below we omit the coefficients cα as it will be trivial to restore them in the final answer.
The analogs of open-Virasoro and W-constraints are then obtained from the Ward iden-
tities for the fields φr(z), for instance:
〈T (x)φr(z)〉 ∼ ∂φr(z)
z − x , (4.15)
from which we get
Lloopn 〈φr(z)〉 =
(
Ln − zn+1 ∂
∂z
)
〈φr(z)〉 = 0, n ≥ −1 , (4.16)
where Ln are the closed Gelfand-Dickey Virasoro constraints.
Let us denote by Oˆα,k the bulk insertion operator ∂/∂λα,k in the MLG frame. Then
using the resonance transformations, that is change of the couplings tα,k → λα,k from KdV
to MLG frame, we obtain
〈Oˆα,k
∑
r
wr(l)〉 = u−k−α/qIk+α/q(2lu) , (4.17)
which is precisely the singular part of the Liouville one-point boundary (FZZ) function found
in [24]. This is one of the main results of the present paper. Moreover, if we include the regular
part of bosons in the definition of the loop, we correctly restore also the regular part of FZZ
formula. The important point is that the resonance transformations have been computed
from the condition of diagonality of two-point functions in the MLG frame, corresponding to
the Liouville couplings λα,k, in the spherical topology.
Let us sketch the derivation of the formula (4.17). The detailed computation is given in
Appendix A. First, we expand the sum
∑
r wr(l) as
q−1∑
α=1
∑
k≥0
lα/q+k+1
Γ(α/q + k + 1)
∂
∂tα,k
. (4.18)
Then we express the left hand side of (4.17) in terms of the two point functions
∑
β,m
lα/q+k+1
Γ(α/q + k + 1)
〈Oˆα,kOβ,m〉 (4.19)
and compute this expression using the results of [3] and [5], namely the formula for the gener-
ating function of the correlators and the explicit expression for the resonance transformation.
We shall now briefly describe the formulation of the method of computing the correlation
numbers, based on the Frobenius manifold structure, leading to the results (4.17).
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4.2 Dual approach and Frobenius manifolds
Here we formulate the result for the spherical partition function, corresponding to the tau-
function of the q−th Gelfand-Dickey integrable hierarchy. The L−1 constraint (which uniquely
fixes the tau-function) is written in the form of Douglas string equation, conveniently formu-
lated as the action principle [53], ∂S(u)/∂ui = 0, and
S(u, t) = Resy=∞
q−1∑
α=1
∞∑
k=0
tα,kQ
α
q
+k
. (4.20)
Here Q = Q(y, u) is the symbol of the Lax operator of the corresponding q−th Gelfand-Dickey
hierarchy,
Q(y, u) = yq + u1y
q−2 + u2yq−3 + ...+ uq−1 . (4.21)
The parameters uα, (α = 1, ..., q − 1), can be regarded as coordinates on the Frobenius
manifold Aq−1. It’s tangent space at a point u is a Frobenius algebra C[y] mod
∂Q(y,u)
∂y (for
more details, see, e.g., [6]). We note that for the (q, p)−model the time parameter in (4.20) in
front of Qp/q is equal to 1 and the time parameter in front of Qp/q−1 is equal to the Liouville
cosmological constant µ.
In order to consider the general MLG(q, p) case it is convenient [6] to use another
parametrization, s and p0, such that p = sq + p0 and 0 < p0 < q. As described in Sec. 2, the
physical fields Om,n are labeled by pairs (m,n), where 1 ≥ m ≥ q − 1 and 1 ≥ m ≥ q − 1.
Equivalently, in the “KdV frame”, we use the parameters (α, k):
α = p0m mod q , k = sm− n+ [p0m/q] . (4.22)
The action can be rewritten as
S(u, t[λ]) = Resy=∞

Q p+qq + ∑
(m,n)∈Kac(q,p)
t(m,n)Q
|pm−qn|
q

 . (4.23)
The KdV times t(m,n) and the Liouville couplings λmn are related through the resonance
transformation,
t(m,n) = λm,n +
∑
A
(m,n)
(m1,n1),(m2,n2)
λm1,n1λm2,n2 + · · · , (4.24)
with the coefficients A
(m,n)
(m1,n1),(m2,n2)
constraint by the scaling properties and fixed by the
underlying CFT selection rules [6].
We will perform the computations in the tα,k frame, as it makes the connection with the
integrable structure more transparent. Following [6], we define
θα(z) :=
∑
k≥0
θα,kz
k , (4.25)
– 12 –
where
θα,k = −cα,k res
y=∞Q
k+α
q (y) (4.26)
and
cα,k =
Γ(αq )
Γ(αq + k + 1)
. (4.27)
Then the action takes the form
S(u, t[λ]) = −
[
θp0,s
cp0,s
+
∑
σ,k
tσ,k
θσ,k
cσ,k
]
, (4.28)
where t(λ) stands for the resonance transformation (4.24). The generating function of the
spherical correlators is
Z[t(λ)] =
∫ v1∗
0
dv1Cβγ1
∂S
∂vβ
∂S
∂vγ
, (4.29)
where vα and C
βγ
σ are correspondingly flat coordinates and structure constants of the Frobe-
nius manifold Aq−1, and v∗ ∈ Aq−1 is the special solution of the string action.
5 Resolvent expectation value, heat kernel problem and mirror symmetry
In this section we compare the loop formulae (4.13), (4.14) with the results in [15], where a
different way to compute open MLG correlators was chosen. Namely, the following expression
for the loop operator in the (q, p) model has been proposed there:
w˜(l) :=
∫ ∞
t1,0
dx
∫
γ
dy elQ(y,v(x)) . (5.1)
Here Q(y, v) is defined in (4.21) and v(x) is the solution of the string equation, correspond-
ing to the closed string partition function. Let us compare the formula (5.1) with the for-
mula (4.13), and recall the difficulties encountered in [15].
First of all it is more convenient to write the derivative of the normalized loop
∂t1,0
∑
β
cβwβ(l) =
∑
β,m
cβ
lβ/q+m
Γ(β/q +m+ 1)
∂t1,0∂tβ,m logZ(t) , (5.2)
where Z(t) is the spherical partition function. It is known, see, e.g., [3], that the second
derivative ∂t1,0∂tβ,mZ(t) = Resy=∞Q(y)
α/q+k.5
To analyze the difference with the earlier approach [15], we compare (5.2) with the
derivative of (5.1):
∫
γ
dy elQ(y,v(x))
?
=
q−1∑
β=1
cβ
∑
m≥0
lβ/q+m
Γ(β/q +m+ 1)
Resy=∞Q(y)β/q+m . (5.3)
5Here we do not have a prefactor as in [3] due to the different normalization of the action S =
∑
α,k tα,kResQ(y)
α/q+k.
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We note, that if satisfied the relation (5.3) would reflect the classical genus zero mirror
symmetry. Indeed, according to the extended Witten’s conjecture, the RHS is an analytic
continuation of a certain power series, counting the intersection numbers on the moduli space
of curves with q−spin structure, namely an A-model expression. Whereas the left hand side is
a period integral for the dual B-model, which is an oscillating integral of a Landau-Ginzburg
model W (y) = Q(y), or an Aq−1 singularity. In our case we can simply establish the explicit
connection. From this point of view, the genus zero loop is a period of the mirror model with
the deformation parameters vi, as functions of couplings t governed by the string equation.
We note, that for q = 2, that is in the KdV case, the equality above is known as an
asymptotic expansion of the heat kernel operator, where the residues in the RHS are disper-
sionless analogues of the Seeley coefficients [54]. A very similar phenomenon occurs in the
arbitrary q case.
Let us first expand the left hand side of the equation (5.3). We introduce a notation
Q(y) = yq +Q0(y), where Q0(y) is of degree q − 2 in y. Then∫
γ
dy elQ(y,v(x)) =
∫
γ
dy ely
q
∑
n
lnQ0(y)
n
n!
=
=
q−2∑
α=0
∑
k,n≥0
cγαe
piik [y
α+kq]Q0(y)
n
n!
Γ
(
α+ 1
q
+ k
)
ln−k−
α+1
q ,
(5.4)
where we introduced a notation [yn](
∑
pky
k) := pn and in the second line we computed the
integral term by term in powers α+ kq of y as∫
γ
dy ey
q
yα+kq = cγαΓ
(
α+ 1
q
+ k
)
, (5.5)
where cγα are some (in general complex) coefficients of the expansion of the cycle γ in a certain
basis (Γα)α in homology H1(C,ℜyq << 0;C). This basis is defined by duality∫
Γα
e−y
q
yβ = δα,β , β ∈ [0, q − 2] . (5.6)
Now we turn to the right hand side of (5.3),
ResQ(y)β/q+m =
∑
n
[y−β−1+(n−m)q]Q0(y)n
Γ(β/q +m+ 1)
Γ(β/q +m+ 1− n)n! . (5.7)
Then the right hand side of the equation (5.3) becomes
∑
β
cβ
∑
n,m
[y−β−1+(n−m)q ]Q0(y)n
n!
Γ(β/q +m+ 1− n)−1lβ/q+m . (5.8)
Using reflection relation for gamma function and changing summation variables we get
∑
β
cβ
∑
k≥0, n≥0
[yα+kq]Q0(y)
n
n!
Γ
(
α+ 1
q
+ k
)
sinpi((α + 1)/q + k)
pi
l
n−k−α+1
q . (5.9)
– 14 –
Now it is clear, that the formulae (5.4) and (5.9) differ by some constants and coefficients
cβ and c
γ
α. Basically, c
γ
α in the expression (5.1) is defined by the cycle γ, whereas in the
approach of the present paper it is a matter of choice of a particular linear combination
w(l) :=
∑
β cβ wβ(l). It is tempting to interpret cβ as a boundary condition of the minimal
model, however it requires further investigation. From this point of view the vanishing of
one-point correlators of the form 〈Oˆ2α,m〉disk for even q, encountered in [15], is just related to
the fact that the corresponding cycle γ does not contain some of Γα in the expansion over this
basis. Another problem encountered in [15] was the problem in the computation of one-point
functions in the non-unitary (q, p) models (i.e. p > q + 1), which was due to inappropriate
solution of the string equation in dx integration.
6 Concluding remarks
This paper is another step to make correspondence between Minimal Liouville Gravity and
integrable hierarchies and topological string. Here we make manifest the correspondence
between integrable systems/topological gravity and CFT approach to Minimal Gravity on the
level of disk correlation numbers. Compared to the previous paper [15] the method proposed
here is more transparent and easily connected to the integrable systems. It is formulated most
easily in the language of twisted free bosons. The approach used here also solves problems,
which remained unclear in the previous approach, motivated by multi-matrix models [15].
The connection of the two formulas for the loop operators is given by a mirror symmetry
type formula.
We performed checks for arbitrary (q, p)-models using resonance transformations, which
was not yet done before. Instead of the matrix model approach we use Gelfand-Dickey
integrable systems to compare with the Liouville Gravity because it highlights the symmetries
and seems closer to the enumerative geometry and topological gravity. This approach also
shows how differential constraints appear in the minimal Liouville Gravity after resonance
transformations.
The computations are similar for any (q, p) and use already known results on spherical
correlators and resonance transformations. The latter ones give correspondence with FZZ
formulae for disk one point correlation numbers. Different choices of the loop operator as
linear combination of different twisted bosons give different boundary conditions, which ex-
plains some problems encountered in [15], however the exact identification of FZZT branes
requires further investigation.
Acknowledgements The authors are grateful to A. Alexandrov, B. Dubrovin and G. Ruzzo
for valuable discussions.
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A Computation of one-point correlation numbers
As explained in Section 4, the macroscopic loop w(l), where l is the length of the loop, is
created by the operator
w(l) =
∑
β,j
lβ/q+j
Γ(β/q + j + 1)
∂
∂tβ,j
, (A.1)
where tβ,j are KdV times. The one-point function of the bulk operator Oˆα,k on a disk
〈Oˆα,k〉disk = 〈Oˆα,k · w(l)〉sphere (A.2)
is obtained from the generating function (4.29) as follows
〈Oˆα,kw(l)〉sphere =
∑
β,j
lβ/q+j
Γ(β/q + j + 1)
∂
∂tβ,j
· ∂
∂λα,k
logZ[t(λ)] . (A.3)
Note that the second derivative is taken with respect to λα,k, since we are interested in
the correlation functions in the Liouville frame. Here comes non-trivial dependence on the
resonance transformations (4.24).
Using (A.2),(A.3), one gets
〈Om,n〉disk =
∑
β,j
lβ/q+j
Γ(β/q + j + 1)
∫ v∗
0
dvσCβγσ
(
− 1
cβ,j
)
∂θβ,j
∂vβ
∂Sˆα,k
∂vγ
. (A.4)
It is convenient to take the integration contour6 along v1-axis and to use the properties of
the derivatives ∂S
(m,n)
∂vγ and of the structure constants on the line v1, obtained in [5]. Namely,
using expressions for structure constants, one gets
〈Oˆα,k〉disk =
∑
β,j
lβ/q+j
Γ(β/q + j + 1)
(
− 1
cβ,j
) q−1∑
γ=1
∫ v01
0
dv1
(
−v1
q
)γ−1 ∂θβ,j
∂vγ
∂Sˆα,k
∂vγ
. (A.5)
Because the expressions of Sˆα,k and θβ,j differ for odd and even k, j we consider four
computations separately.
First case. Here we compute the correlation function for a field with even k.
∑
β,j
lβ/q+j+1
Γ(β/q + j + 1)
〈Oˆα,2k · Oβ,j〉 =
=
∑
β,m
lβ/q+2m+1
Γ(β/q + 2m+ 1)
〈Oˆα,2k · Oβ,2m〉+
∑
β,m
lβ/q+2m+2
Γ(β/q + 2m+ 2)
〈Oˆα,2k · Oβ,2m+1〉 .
(A.6)
6This is possible due to specific properties of the integral representation and of the special solution v∗ of
the string equation, for more details, see [5].
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To compute the first summand in (A.6) we expand it using (A.5)
〈Oˆα,2k · Oβ,2m〉 =
q−1∑
γ=1
v∗1∫
0
d(−v1/q)γ ∂Sβ,2m
∂vγ
∂Sˆα,2k
∂vγ
. (A.7)
We use expressions from [6]:
∂Sβ,2m
∂vγ
= −δβ,γ/cβ,2m
∂θβ,2m
∂vγ
=
Γ(α/q + 2m+ 1)
Γ(α/q +m)m!
xm ,
∂Sˆα,2k
∂vγ
= δα,γ x
k
0 P
(0,α/q−1)
k (2x/x0 − 1) ,
(A.8)
where x := (−v1/q)q and x0 := (−v∗1/q)q, and explicit formula for Jacobi polynomial:
P
(0,β)
k (2z − 1) =
1
k!
z−β∂z
[
zβ+k(1− z)k
]
. (A.9)
When we plug all this expressions into (A.14), we get:
Γ(α/q + 2m+ 1)
Γ(α/q +m)m!
x
m+k+α/q
0
k!
∫ x0
0
d(x/x0) (x/x0)
m∂ x
x0
[
(x/x0)
α/q+k
(
1− (x/x0)k
)]
. (A.10)
After using Leibniz rule k times, the last integral becomes beta function integral
∫ 1
0
dx∂x
[
xβ+k(x− 1)k
]
=
k!(m− k + 1)k
(β +m)k+1
. (A.11)
Inserting it into the formula (A.10) we obtain
〈Oˆα,2k · Oβ,2m〉 = Γ(α/q + 2m+ 1)x
m+k+α/q
0
Γ(α/q +m+ k + 1) (m− k)! . (A.12)
Finally, summing over m with weight lα/q+2m/Γ(α/q+2m+1) and changing the summation
variable m→ m+ k we get
〈Oˆα,2k〉disk = (x1/20 )α/q+2k
∞∑
m=0
(lx
1/2
0 )
α/q+2k+2m
Γ(α/q + 2k +m+ 1)m!
= (x
1/2
0 )
α/q+2kIα/q+2k(2lx
1/2
0 ) .
(A.13)
Now we compute the second summand from (A.6):
〈Oˆα,2k · Oβ,2m+1〉 =
q−1∑
γ=1
v∗1∫
0
d(−v1/q)γ ∂Sβ,2m+1
∂vγ
∂Sˆα,2k
∂vγ
, (A.14)
where
∂Sβ,2m+1
∂vγ
= −δq−β,γ Γ(α/q + (2m+ 1) + 1)
Γ(α/q +m+ 1)m!
xm+α/q . (A.15)
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Analogous to the previous case we get:
Γ(α/q + (2m+ 1) + 1)
Γ(α/q +m+ 1)m!
xm+k+10
k!
∫ x0
0
d(x/x0) (x/x0)
m+1−α/q∂ x
x0
[
(x/x0)
α/q+k
(
1− (x/x0)k
)]
.
(A.16)
We notice, that this expression is analytic in µ and therefore should be disregarded in the
expression as non-universal. However we proceed with computation of this non-universal
part because it gives interesting results. Computing the integral above with same formula we
obtain:
〈Oˆα,2k · Oβ,2m+1〉 = − Γ(1− α/q + 2m+ 2)x
m+k+1
0
Γ(−α/q +m− k + 1) (m + k + 1)! . (A.17)
Finally we sum over m and perform a variable shift m→ m− k − 1:
∞∑
m=k+1
−(x1/20 )−α/q−2k−1
(lx
1/2
0 )
−α/q−2k−1+2m
Γ(−α/q − 2k − 1 + 2m+ 1)m! . (A.18)
We note, that if in the definition of the loop (A.1) we add regular terms, that is to consider the
summation range from −∞ to ∞ treating differentiation wrt negative times as multilication
by conjugated time, or as a pseudodifferential equation, then the result in (A.13) will not
change whereas the formula (A.18) the summation will be from 0 to ∞, yielding Bessel
function
(A.18) = −(x1/20 )α/q+2k I−α/q−2k(2lx1/20 ) . (A.19)
When we add up both the contributions we get
〈Oˆα,2k〉disk = 2 sin(αpi)
pi
(x
1/2
0 )
α/q+2kKα/q(2lx
1/2
0 ) , (A.20)
which coincides with the FZZ expression.
Second case. In this paragraph we compute
〈Oˆα,2k+1〉disk = =
∑
β,m
lβ/q+2m+1
Γ(β/q + 2m+ 1)
〈Oˆα,2k+1·Oβ,2m〉+
∑
β,m
lβ/q+2m+2
Γ(β/q + 2m+ 2)
〈Oˆα,2k+1·Oβ,2m+1〉 .
(A.21)
The situation is analogous to the even case: pairings with fields Oβ,2m+1 are non-analytic and
the ones with Oβ,2m+1 are analytic. First we compute the non-analytic part.
〈Oˆα,2k+1 · Oβ,2m+1〉 =
q−1∑
γ=1
v∗1∫
0
d(−v1/q)γ ∂Sβ,2m+1
∂vγ
∂Sˆα,2k+1
∂vγ
, (A.22)
We again use the formula derived in [6] from the diagonality condition for two point functions:
∂Sˆα,2k+1
∂vβ
= δα,q−β xk0x
α/qP
0,α/q
k (2x/x0 − 1) . (A.23)
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Formula (A.22) becomes:
−Γ(α/q + 2m+ 2)
Γ(α/q +m+ 1)m! k!
∫ x0
0
x
α/q+m+1
0 dxx
m∂kx
[
xα/q+1+k(1− x)k
]
. (A.24)
Non-analytic part the correlator becomes
− (x1/20 )α/q+2k+1
∞∑
m=0
(lx
1/2
0 )
α/q+2k+1+2m
Γ(α/q + 2k + 1 +m+ 1)m!
= −(x1/20 )α/q+2k+1Iα/q+2k+1(2lx1/20 ) .
(A.25)
By the same argument, the nonanalytic part is equal to
∑
m≥0
Γ(1− α/q + 2m+ 1)
Γ(1− α/q +m)m! k!x
m+k+1
0
∫ 1
0
dxxm−α/q∂kx
[
xα/q+k(1− x)k
]
, (A.26)
which evaluates to
(x
1/2
0 )
α/q+2k+1
∑
m≥k+1
(lx0)
−α/q−2k−12m
Γ(m− α/q − 2k − 1 + 1)m! . (A.27)
Similarly to the even case we see that up to a small mismatch in first k + 1 terms this
coincides with the Bessel function. If we add regular terms to the loop definition, we get
〈Oˆα,2k+1〉disk = 2 sin(αpi)
pi
(x
1/2
0 )
α/q+2k+1Kα/q+2k+1(2lx
1/2
0 ) . (A.28)
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